We study curvature identities on contact metric manifolds on the geometry of the corresponding almost Käehler cones, and we provide applications of the derived curvature identities.
Introduction
A (2n+1)-dimensional smooth manifold M is called an almost contact manifold if it admits a triplet (φ, ξ, η) of a (1,1) tensor field φ, a vector field ξ and a 1-form η satisfying φ 2 X = −X + η(X)ξ, φξ = 0, η • φ = 0, η(ξ) = 1, (1.1)
for any X ∈ X(M), where X(M) denote the Lie algebra of all smooth vector fields on M. Further, an almost contact metric manifold M = (M, φ, ξ, η) equipped with a Riemannian metric g satisfying g(φX, φY ) = g(X, Y ) − η(X)η(Y ), η(X) = g(ξ, X), (
for any X, Y ∈ X(M) is called an almost contact metric manifold with the almost contact metric structure (φ, ξ, η, g). On the other hand, a (2n+1)-dimensional smooth manifold M is called a contact manifold if it admits a global 1-form η satisfying η ∧ (dη) n = 0 everywhere on M. Then, the 1-form η is called a contact form of M. It is well-known that, for a given contact manifold M = (M, η), there exists an almost contact metric structure (φ, ξ, η, g) (ξ being the dual vector field of η) satisfying dη(X, Y ) = g(X, φY ), g(X, ξ) = η(X), (
for any X, Y ∈ X(M), which is called a contact metric structure on M associated to the contact structure η. A contact manifold endowed with an associated contact metric structure is called a contact metric manifold. Now, let M = (M, φ, ξ, η, g) be a (2n+1)-dimensional almost contact metric manifold andM = M × R be the product manifold of M and a real line R equipped with the (1,1)-tensor fieldJ and a Riemannian manifoldḡ defined respectively bȳ
g(X, Y ) = e −2t g(X, Y ),ḡ( ∂ ∂t , ∂ ∂t ) = e −2t ,ḡ(X, ∂ ∂t ) = 0, (1.4) for any X, Y ∈ X(M) and t ∈ R. Then, we may easily check that (J,ḡ) is an almost Hermitian structure onM. An almost contact metric manifold M = (M, φ, ξ, η, g) is said to be normal if the corresponding almost Hermitian manifoldM = (M ,J,ḡ) is integrable (i.e.M = (M ,J,ḡ) is a Hermitian manifold). Further, a normal contact metric manifold is called a Sasakian manifold. Concerning the relationships between the classes of almost contact metric manifolds and the cones of the corresponding almost Hermitian manifolds defined by (1.4), it is known that an almost contact metric manifold M = (M, φ, ξ, η, g) is a Sasakian manifold (resp. a contact metric manifold) if and only if the corresponding almost Hermitian manifoldM = (M ,J,ḡ) is a Kähler manifold (resp. an almost Kähler manifold) [10] . In [3] , Gray established curvature identities for an almost Hermitian manifold belonging to some special classes of almost Hermitian manifolds, for example, Kähler manifolds, almost Kähler manifolds, quasi Kähler manifolds and Hermitian manifolds. In the present paper, we shall discuss the curvature identities on contact metric manifolds M = (M, φ, ξ, η, g) derived from the curvature identities on the corresponding almost Hermitian manifoldsM = (M ,J,ḡ) defined by (1.4). We also provide some results related to the obtained curvature identities.
Preliminaries
In this section, we prepare some basic formulas and fundamental facts we need in the discussions of the present paper. Let M = (M, φ, ξ, η, g) be a (2n+1)-dimensional almost contact metric manifold andM = (M ,J,ḡ) be the corresponding almost Hermitian manifold defined by (1.4). We denote by ∇(resp.∇) the Levi-Civita connection of the Riemannian metric g(resp.ḡ) and by R(resp.R) the curvature tensor of ∇(resp.∇) defined respectively by
forX,Ȳ ,Z ∈ X(M). We note that X(M) can be regarded as a Lie subalgebra of X(M) in the natural way. Further, we get
for X, Y, Z, W ∈ X(M) (resp. forX,Ȳ ,Z,W ∈ X(M)). We denote also by ρ and τ (resp.ρ andτ ) the Ricci tensor and the scalar curvature of M = (M, φ, ξ, η, g) (resp. M = (M ,J,ḡ)). Further, we denote byρ * andτ * (resp. ρ * and τ * ) the * -Ricci tensor and * -scalar curvature ofM = (M , φ, ξ, η,ḡ)(resp. M = (M, φ, ξ, η, g)) defined bȳ
andτ * = trace of (1, 1) tensor fieldQ * onM , (resp. τ * = trace of (1, 1) tensor field Q * on M), (2.5) given byḡ
The tensor field h plays an important role in the geometry of almost contact metric manifold. The tensor field h satisfies the following equalities
Further, it is known that the tensor field h is symmetric and satisfies
for a contact metric manifold M = (M, φ, ξ, η, g). Now, from (1.4), by direct calculation, we havē
for X, Y ∈ X(M). Thus, from (1.4) and (2.10), we have further
for X, Y ∈ X(M). Then, from (1.4) and (2.11), we havē
Throughout this paper, we shall adopt the notational convention in the usual tensor analysis. Let (
coordinates an open subset U × R ofM = M × R. Further, we assume that the Latin indices run over the range 1, 2, . . . , 2n + 1 and the Greek indices run over the range 1, 2, . . . , 2n + 1, 2n + 2 = ∆, and
Then, from (1.4) and (2.15), we see that (2.11), (2.12) and (2.13) can be rewritten respectively as follows:
Further, we also set
and so on. Then, from (1.4) and (2.17), we havē
From (2.18), we also havē
and henceτ
Similarly, from (1.4), (2.4), and (2.18), we havē 
Similarly, from (1.4) and (2.21), we get alsō 
Further, from (1.4) and (2.18), by direct calculation, we have
e 2tJ α iJ Now, setting λ = i, µ = j, ν = k, κ = l in (3.1) and taking account of (1.4), (2.15) ∼ (2.18) and (2.26), we have
Similarly, setting λ = ∆, µ = j, ν = k, κ = l in (3.1), we have also Particularly, if M is a contact metric manifold, then the corresponding almost Hermitian manifoldM is an almost Kähler manifold, and hence, the curvature tensorR ofM verifies the identity (3.1). Thus, from Theorem 1, we have immediately the following.
Corollary 2
The curvature tensor R of a contact metric manifold M = (M, φ, ξ, η, g) verifies the identities (3.2) ∼ (3.4).
Now, in the remaing of this section, we assume that M = (M, φ, ξ, η, g) is a (2n+1)-dimensional contact metric manifold andM = (MJ, g) is the corresponding almost
Kähler manifold defined by (1.4). We here recall several fundamental formulas on a contact metric manifold. On the contact metric manifold M = (M, φ, ξ, η, g) under discussion, we have the following in addition to (2.8) and (2.9) [1]:
Since∇ iJjk +∇ jJki +∇ kJij = 0 holds on M, from (2.14), we have
From (3) of (3.5), we have also
Transvecting (3.2) with g il and taking accounting of (2.15), (5) of (3.5), we have
Further, transvecting (3.8) with g jk and taking account of (2.15), (5), (6) .15), (1) of (3.5) and (3.6), we have
Furthermore, transvecting (3.10) with φ i k and taking account of (2.4), (2.8), (2.9), (3.5) and (3.6), we have
On the other hand, transvecting (3.1) withḡ λκ , we havē Here, setting µ = j, ν = k in (3.12) and taking account of (2.16), (2.19), (2.21), (2.23), (2), (5) of (3.5) and (3.6), we have
Similarly, setting µ = i, ν = ∆ in (3.12), we have
We may easily check that (3.14) can be also derived from (3.4) and (3.8) and further, (3.15) is nothing but (3.10). So, we can not deduce any new equalities from (3.10) itself. From (2.20) and (2.22), we havē
On one hand, from (2.15), (2.16) and (5) of (3.5), we have
Thus, taking account of (3.17), we have further
and hence
Thus, we obtain the same equality as in ( [1] , Proposition 7.7). It is well-known that a Sasakian manifold is characterized as an almost contact metric manifold M = (M, φ, ξ, η, g) satisfying the condition ([1], Theorem 6.3): 
Applications
In this section, we shall provide some applications of the discussions in the previous sections. Gray [3] has defined the following identities (Ḡ i ) (i=1, 2, 3) for the curvature tensorR of an almost Hermitian manifoldM = (M ,J,ḡ):
for anyX,Ȳ ,Z,W ∈X(M). Almost Hermitian manifoldM = (M ,J,ḡ) is said to satisfy the (Ḡ i ) identity if it curvature tensorR verifies the curvature identity (Ḡ i ) (i=1, 2, 3). Then we may easily check that the implication relations for the (Ḡ i ) identities are as follows [3] :
Now, let M = (M, φ, ξ, η, g) be a (2n+1)-dimensional almost contact metric manifold andM = M × R be the product manifold of M and a real line R endowed with the almost Hermitian structure (J,ḡ) defined by (1.4) . Now, taking account of (2.17), (2.18) and (2.26), we have the following.
Lemma 3M = (M,J,ḡ) satisfies the (Ḡ 1 ) identity if and only if M = (M, φ, ξ, η, g) satisfies
Lemma 4M = (M,J,ḡ) satisfies the (Ḡ 2 ) identity if and only if M = (M, φ, ξ, η, g) satisfies
Lemma 5M = (M,J,ḡ) satisfies the (Ḡ 3 ) identity if and only if M = (M, φ, ξ, η, g) satisfies
Now, we can easily check that the identity (G 1 − 1) is derived from (G 1 ) in Lemma 3 and similarly that the identities (G 2 −1) ∼ (G 2 −4) are derived from (G 2 ) in Lemma 4, and further that the identities (G 3 − 1) and (G 3 − 2) are derived from (G 3 ) in Lemma 5. Therefore, we have the following.
Based on Proposition 6, Mocanu and Munteanu [7] defined that an almost contact metric manifold M = (M, φ, ξ, η, g) is said to satisfy the (G i ) identity if the curvature tensor R of M verifies the identity (G i ) (i=1, 2, 3). Then, from the corresponding implication relations (4.1), we have the following implication relations for the (
The following is well-known ( [1] , Proposition 7.6).
Proposition 7 A contact metric manifold M = (M, φ, ξ, η, g) is Sasakian if and only if its curvature tensor R satisfies
The following is an improvement of the one by Mocanu and Munreanu [7] .
Proof. We assume that M = (M, φ, ξ, η, g) is a contact metric manifold satisfying (G 3 ) identity. Then, transvecting the identity G 3 with ξ k , we have
Therefore, from Proposition 7, it follows that M is Sasakian. From Proposition 8, taking account of (4.2), we have immediately the following:
Corollary 9 If a contact metric manifold M = (M, φ, ξ, η, g) satisfies any one of the (G i ) identities (i = 1, 2, 3), then M is Sasakian.
In the remaining of this section, we assume that M = (M, φ, ξ, η, g) is a 3-dimensional contact metric manifold. Then the corresponding almost Kähler manifoldM = (M ,J,ḡ) defined by (1.4) is a 4-dimensional almost Kähler manifold. Since dimM =4, it follows that the following identity. Transvecting (4.4) with g ij , and taking account of (6) On one hand, from (4) of (3.5) and (4.11), we have also
(4.14)
Thus from (4.14), taking account of (2.9), we have We here recall the fact that there exists a 3-dimensional (κ, µ, ν)-contact metric manifold M 0 which is open and close [6] . We may easily check that the equality (4.16) is regarded as an extension of the one on M 0 to the whole of M which is derived from (3.20) and (3.21) with (3.13) in the paper [5] and also that the examples introduced in the same paper illustrate the equality (4.16).
